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Abstract 
Waadeland, H., Boundary version of a twin region convergence theorem for continued fractions, Journal of 
Computational and Applied Mathematics 36 (1991) 361-369. 
The starting point of the present paper is a result by Thron (1959) on twin convergence regions, dealing with 
continued fractions K(cj/l), where 1 c2,,- 1 1 d p < 1 and 1 c 2m fi 1 > p. In the present paper these regions are 
replaced by their boundaries, and the sets of continued fraction values are determined. 
Keywords: Continued fractions, convergence. 
For continued fractions 
EJ)=? +? + -** +? + -**, 
Thron [3] proved the following theorem. 
(1) 
Theorem 1. If, in the continued fraction 
a2n-1 = &l, 
2 
a2n = C2n 9 
where 
lcZn-J dp, Ic,,+il >p, 
(l), the elements are subject o the conditions 
(4 
P<l, (3) 
then the continued fraction (1) converges, and its value is in the disk 1 w I G p. (See also [2, 
Theorem 4.461.) 
In the present paper we shall study what happens to the set of values when the conditions (3) 
are replaced by 
Ic~~-~I =P, Ic2,+il =P, p< 1. (4) 
The same type of problem, but for simple regions, is discussed in [4,5]. 
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In the first lemma we shall study approximants 
I?( $) and:i:( $) 
of the continued fractions 
(5) 
+ . . . + 2 + . . . and ,$ + ,$ + . . . + 2 + . . . , 
respectively. Observe that for any m the sets of possible values of 
2m--l+q 
c,z 
i i 
2m+q 
K c,2 
n=2m-1 T and ._Kz, -i- i 1 
coincide with the ones of the approximants (5). The lemma is partly overlapped by results 
coming out of Theorem 1, but is included here in the form given below, partly for completeness, 
partly because it represents a convenient first step in establishing the main result. 
Lemma 2. Let p be a positive number < 1, and K( ~$1) a continued fraction where 
Ic~~-~I =P and Ic,,+il =P, 
for all m 2 1. Then 
I 
Gp, forallqa0, 
and 
/:h:($) +li>p, forallq>,O. 
(6) 
(7) 
Proof. Since p2 < p, the inequality (7) obviously holds for q = 0. For q = 0 the left-hand side of 
(8) is 
((-i+p eia)2+lI = I-2piei*+p2 eZiaI = 12+pie’“jp>p. 
Thus (8) is established for q = 0. 
Next, let q 2 0 be such that (8) holds. We map the region I w + 1 I 2 p by 
2 
Cl P’ e2ia 
w=-=l+w’ 1+w (9) 
and take the union over all (Y E [0, 2n), from which follows I w I < p. This shows, that if q > 0 is 
such that (8) holds, then (7) holds for q + 1. 
Assume now that q 2 0 is such that (7) holds. We map the region ( w I < p by 
4 (-i + p eia)2 
w=l+w= 1+w ’ 00) 
and take the union over all (Y E [0, HIT). First observe that the mapping 
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maps the disk 1 w 1 < p onto the disk centered at the point 
1 
w=l-pz 
and with radius 
P 
l-p2’ 
An arbitary ci can be written as 
(-i+p eia)2= -(l+p ei8)2, 
where we have replaced (Y + in by j3. For a fixed P-value the image of the disk 1 w 1 Q p by (10) 
is the disk 
w + (1 + p e’B)2 
1 - p” G l-p2 
Lll+p eiB12. (11) 
We need to find the union of these disks for /I E [0, 21r) and relate it to the point w = - 1. The 
distance from o = - 1 to the center of (11) is 
_1 + (1 + P ei8j2 
1 - p2 
=&Ip+2eig+pe2iBI=i-$(l+pcos~). (12) 
On the other hand, the radius of (11) is 
Hence the distance from the point w = - 1 to the closest point on the disk (11) is 
Hence, if 4 2 0 is such that (7) holds, then (8) holds for q + 1, and Lemma 2 is thus proved by 
induction. 0 
It follows immediately, that the value of 
must lie in I w I G p, and that the value of 
;$ 
n=2 
must lie in I w + 1 I > p. The first of these statements is contained in Theorem 1. We can squeeze 
more information out of the proof of Lemma 2. 
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Lemma 3. Under the conditions of Lemma 2 we have 
and 
where A is the union of the disks (11) for 0 < p < 2~. The circle 
Iw+l( =p 
is part of the boundary of A. Another part is part of the curve 
x=Rew= cos y)(4p2 cos2y - 2p cos y + 1 - 3p2), 
y=Imw= psiny -(4p2cos2y-6pcosy+3-p’), O<Y<~T. 
1 - p’ 
06) 
(164 
(W 
Proof. The largest distance from w = -1 to a point on the disk (11) is (from (12) and (13)) 
which takes its maximum for p = 0. This maximum is 
--&(3+4p+p2)= py+$. 
Hence 
l,a$++ “?:;I, 
from which follows that 
* c,2 
I I 
2 
.!!I T a p(3 + pl;/(l - p) = p 
0 - P> 
3+p ’ 
and (15) is established. 
It remains to describe the set A. First some preliminary remarks. With 
9=w+l 
and j.S replaced by IT + y we can rewrite (11) in the following way: 
When y varies, the center moves along the curve (in polar coordinates), 
07) 
01’ ) 
f-=*(1-PCOSy), 
where r,,, = 2p/(l- p) and rti, = 2p/(l + p). 
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The radius is 
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11”, (41 1+p2)-pcosy), 2 2 
with maximal value ~(1 + p)/(l - p), and minimal value ~(1 - p)/(l + p). We have already 
seen, in the proof of Lemma 2, that the circle 1 D 1 = p, i.e., 1 w + 11 = p, is part of the boundary 
of A, and that no point inside of this circle is in A. The circle 1 A2 1 = p is part of the envelope of 
the circles bounding the disks in (11’) , we shall here refer to it as the inn& envelope of the family 
of circles. We have also seen that A is contained in the disk 
3+P 
Iw+ll dPl_@ 
It remains to determine the rest of the envelope, here to be referred to as the outer envelope. 
In the equations for the circles in (11’) we introduce the new variable 
u= &(l- p2), 08) 
with u and v as real and imaginary parts: 
(24 - (1 - p cos y) cos y)2 + (v - (1 - p cos y) sin Y)~ = (+(I + P’) - P cm v)l. 
(19) 
In order to determine the envelope of this family of circles we have to eliminate between (19) and 
its partial derivative with respect to the parameter y. See, for instance, [l, Theorem 1, p.531. 
Partial differentiation of (19) and some rearrangement leads to 
(-2psin2y+2siny)u+(2pcos2y-2cosy)v+p(l-p2)siny=0. 
We know that the pair (u, v), where 
24 = i(l - p2) cos y, v = +(l - p’) sin y 
satisfies (19) and (20) simultaneously, and introduction of 
ii=u-+(1-p2)cosy, C=v-;(l-p2) siny 
leads to a simplification: 
fi2 + fi2 - 2ii(+(l+ p2) - p cos y) cos y - 2u”(+(l+ p2) - p cos y) sin y = 0, 
(pcos2y-cosy)v”=(p sin2y-siny)ii. 
In addition to the already known solution ii = v” = 0 we have the solution 
ii = (p cos 2y - cos y)(p cos y - 1), 
u”= (p sin 2y - sin y)(p cos y - 1). 
(20) 
(21) 
(19’) 
(20’) 
(24 
(23) 
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From (22) and (23), together with 
Reo=x=-1+ $--$(,+ i(l- p2) cos y), 
Imw=y= j-$(fi++(l-p*) siny) 
we get (16b). An elementary, but tedious discussion of how x and y vary with varying y leads to 
the shape of the curve (16b). Crucial in the discussion is the p-value 46. For p < $6 the 
equation y = 0 has no solution for 0 < y <IT, for p = tfi it has one solution, y = Arccos 
ffi = $r, for p > 46 it has the two solutions 
y7 = Arccos 
3 T \/4p* - 3 
4P - 
In the first two cases the whole curve (16b), 0 < y < 2~, is part of the boundary of A, the rest 
being the circle 1 w + 11 = p. In the last case the “boundary part” of (16b) consists of two closed 
curves, defined by the parameter intervals y_< y < 2a - y_ and 0 < y < y+, 2n - y+< y < 2~. 
Two questions remain: the question of sharpness and the question of subjectivity. The question 
of sharpness is essentially to ask whether or not in (16a) p can be replaced by a smaller number. 
Since, however, the continued fraction 
-I$ I ,-(l;PTJ I -Pq ; ,-(l;P)*l + . ..) 
with coefficients satisfying the conditions (4), had the value -p, it follows that p cannot be 
replaced by any smaller number. But more can be concluded. For continued fractions 
where the elements satisfy the condition (4), the following property holds. If o = w0 is a value, 
taken by such a continued fraction, then all values on 1 w 1 = I w. I are taken. Hence, all values on 
I o I = p are possible values of such continued fractions. This implies that all possible values of 
continued fractions 
; <, 
i 1 n=2 1 satisfying (4)) 
is the union of all circles bounding the disks in (ll), and hence the union of all the disks (ll), i.e., 
the set A, and in turn that the set of all values of continued fractions 
“K $, satisfying (4), 
n=2 
is the set between 
2 
1-P 
IwI = p(3+&(1-p) =p3+P 
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In conclusion we have the following result. 
Theorem 4. For a fixed p, 0 -C p < 1, let 2$(l) and PC*) P be the families of continued fractions 
and 
where for all n > 1 
Ic~~-~I =P, Ic,,+il =P. (4 
Then the set of all possible values of continued fractions in %(I) is the annulus 
1-P 
p3+p -G [WI <p, (24) 
and the set of all possible values of contined fractions in 2$ (*) is the set of all points on and between 
the circle 
Iw+ll =p 
and the curve 
x=Rew= +-+0-P cos y)(4p2 cos*y - 2p COS y + 1- 3P2), 
y=Imo= 
p sin y 
~(4p*cos*y-6pcosy+3-p*), 
1 - p* 
064 
(16b) 
-(1+pY 
1-P 
-_) 
p=. 
Fig. 1. Fig. 2. 
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. p= .87 
Fig. 3. 
0 q y < 2n, if 0 < p G ifi, and the curves (16b), Y-G y < 2n - Y- and 0 <Y <Y+, 217 -Y+< Y 
< 27, where 
y * = Arccos 
3 f /4p2 - 3 
4P ’ 
Remark. If the conditions (4) are replaced by the conditions (3), then the annulus (24) is replaced 
by the disk ( w 1 G p, and the set described by (16) is replaced by the set ) w + 11 >, p. 
The illustrations show, in two cases, the set of values of continued fractions in SpC2). In Fig. 1 
the p-value, p = 0.7, is smaller than $fi, whereas in Fig. 2 we have p = 0.87 > ifi. Figure 3 
shows, in enlarged form, a detail from the last case, a detail which cannot be seen in Fig. 2. 
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